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ABSTRACT 
Peristaltic flow of a viscoelastic fluid 

which obeys Phan-Thien-Tanner (PTT)  
model as its constitutive equation is 
numerically studied in a curved channel. 
The flow is assumed to be incompressible, 
laminar, and two-dimensional. Numerical 
results show that the elastic behavior of a 
fluid can significantly decrease the pressure 
rise of peristaltic pumps for a given flow 
rate. On the other hand, a radially-imposed 
magnetic field is shown to increase the 
pressure rise of the pump when the flow rate 
is less than a certain value. The results are 
interpreted in terms of the extensional-flow 
behavior of the fluid as represented by the 
fluid’s extensional parameter. 

 
INTRODUCTION 

A wave propagating along the flexible 
walls of a channel can induce flow without 
any need for external pressure gradient. 
Such flows, which are referred to as 
peristaltic flows, are encountered in several 
parts of human bodies including urinary 
system, chime transport in gastrointestinal 
tract, reproductive tracts, and female 
fallopian tube, among others1,2. For reasons 
like these, this particular flow has been the 
subject of many studies in the past1,2. Both 
Newtonian and non-Newtonian fluids have 
been addressed in these studies. The interest 

in non-Newtonian fluids arises from the fact 
that most physiological fluids behave as 
non-Newtonian fluids. A variety of 
rheological models have been used to 
represent such fluids  in the past3-9. One can 
mention, for example, inelastic fluid models 
such as power-law model, and viscoelastic 
fluid models such as ordered models, 
Maxwell model, Oldroyd-B model, and 
Johnson-Segalman model. Through such 
studies, the effects of different rheological 
parameters have been investigated on the 
performance of peristaltic pumping3-9. 

The rheological models used in previous 
studies suffer from the drawback that they 
are poor when it comes to flows dominated 
by extensional deformations. Peristaltic 
flows involve a series of propagating 
converging-diverging flows, and so they are 
typical of extensional flows. Therefore, 
rheological models such as Giesekus or PTT 
models (i.e, models having good 
performance in extensional flows) should be 
used in studies related to peristaltic flows.  

In two recent works, peristaltic flow of 
Giesekus fluids has been investigated10,11 in 
straight and curved channels. But, a 
rheological model known to have a better 
performance in extensional flows is the 
Phan-Thien-Tanner (PTT) model. To the 
best of our knowledge, there is no published 
addressing peristaltic flow of PTT fluids in 
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the open literature. So, in the present work 
we have decided to rely on the PTT model 
to investigate viscoelastic effects on 
peristaltic flow12. To better simulate 
physiological systems encountered in human 
bodies, the flow passage is assumed to be 
curved13,14. We are particularly interested in 
knowing how the extensional parameter 
which appears in the PTT model affects 
peristaltic flows. To add to its generality, we 
are going to investigate the effect of a 
radially-imposed magnetic field on the flow 
characteristics. Our interest in magnetic 
field stems from the fact magnetotherapy is 
increasingly being used as an active means 
for therapy of certain diseases in medical 
science15-17. 

 
MATHEMATICAL FORMULATION 

Figure 1 shows the curved channel of 
mean radius R and average height of 2a0. A 
wave with phase velocity c, wavelength λc, 
and amplitude a1 is seen to be propagating 
from right to left along the upper and lower 
walls of the channel. The waves are taken to 
be of the following form: 

 

(1a) Outer 0 1
c

2
R(X, t) a a sin X ct ,

 
   

 
 

(1b) Inner 0 1
c

2
R(X, t) a a sin X ct ,

 
    

 
 

 
where t is the time, X is the azimuthal 
coordinate, and R is the radial distance in a 
curvilinear coordinate system with its origin 
located at the mid-point of the channel (as 
shown in Fig. 1). The propagating wave 
forces the fluid to flow from right to left 
with U(R,X,t) and V(R,X,t) denoting 
velocity components in the azimuthal and 
radial directions, respectively. In addition to 
the peristaltic motion of the walls, the 
channel is seen to be simultaneously 
subjected to a magnetic field of strength B

 
in the radial direction. We assume that the 
width of the channel perpendicular to the 
plane is infinite so that the flow can safely 

be taken as two-dimensional. We also 
assume that the fluid is incompressible. 
Since physiological systems normally 
involve low-Reynolds number flows, we can 
also assume that the flow is laminar. 
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Figure 1. Schematic of peristaltic flow in a 

curved two-dimensional channel. 
 

The equations governing flow induced in 
the channel are the continuity equation, and 
the Cauchy equations of motion, that is, 

 
(2a). 0, V


 

(2b) . p . ,
t

 
         

V
V V J B


    


 

 
where p is the isotropic pressure, τ  is the 
stress tensor, ρ is the fluid’s density, J is the 
current density, and B is the radial magnetic 
field.  

For ease of analysis, we assume that the 
magnetic Reynolds number is very small so 
that the induced magnetic and electric fields 
(as generated by the motion of the 
electrically-conducting fluid) can be 
neglected20. From Maxwell equations and 
Ohm’s law we obtain20.  

 

(3)0
R

B
e

R R

 
   

B


 

 
where B0 is the characteristic magnetic 
induction, and eR is the unit vector in the 
radial direction. The term J×B in Eq. 2b can 
be written as39: 
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(4)
 

2
e 0

X2

B
U e .

R R

 
      

J B
 

 

 
where eX is the unit vector in the azimuthal 
direction. We assume that the fluid of 
interest obeys the Phan-Thien-Tanner (PTT) 
model as its constitutive equation12 

. In its 
most general form, the model is written as: 
  

 (5)
   
 

TZ tr . ( . . )
t

.D D. 2 D

 
           

     

V V V
   


    

   

 

 
where D is the rate of deformation tensor, η 
is the zero-shear viscosity, ξ is a parameter 
related to the slip between the molecular 
network, and λ is the relaxation time. The 
stress coefficient, Z(tr )


, is an exponential 

function of  tr 


. At small deformation rates, 
it can be linearized to:  

 

(6) Z tr 1 tr


   
 

 

 
where  ε is the elongational parameter of the 
model. This version of the model is easier to 
work with, and so it will be used in this 
work20. As to the boundary conditions 
required to close the problem, we are going 
to rely on the no-slip and no-penetration 
velocity boundary conditions at the non-
compliant walls of the channel. The frame 
of reference can be changed to a wave-frame 
coordinate system such that the flow can be 
considered as steady. To that end, we set1, 
 

(7)(x X ct, r R) , (u U c, v V).       
 
Also, to work with dimensionless 

parameters, we substitute: 
 

(8)c 0

2
0 0 1

c 0 0

u v 2 x r
u* , v* , x* , r* ,

c c a

a 2 a aR
* , p* p, k ,

c c a a


   

 


      

  

 

where k  is the curvature parameter, φ is the 
amplitude ratio, and δ is the wavelength 
ratio defined by δ = 2πa0/λc. Having dropped 
“*” for convenience, the dimensionless 
forms of the governing equations become18, 

 
(9a)  u

(r k)v k 0
r x

 
  

   
 

(9b) 

2
2 2 2

rr

2 rx
xx

v v k(u 1) v (u 1)
Re. v

x r r k x r k

p
(r k)

r r k r

k

r k x r k

     
           
            

              
 

(9c) 2
rx2

2xx
2

u u k(u 1) u (u 1)v
Re. v

x r r k x r k

k p 1
(r k)

r k x r(r k)

k (u 1)
Ha

r k x (r k)

               
           

       

 

 
where 0Re ca    is the Reynolds number, 

and 0 eHa B    is the Hartman number. 

To simplify the above equations, we rely on 
the long-wavelength assumption (i.e., δ→0). 
In addition to this, we assume that the 
Reynolds number is vanishingly small. 
These assumptions are quite common in the 
context of peristaltic flows and are 
considered convenient for the purposes of 
this work18. On the basis of these 
assumptions, the equations of motion are 
reduced to18: 

 

(10a)p
0

r





 

(10b)   
2 2

rx

1p 1 r(r k) Ha 0
x k(r k) r k r k


       

   

 
where   is the stream function defined by: 
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(11)
k

u , v .
r r k x

 
  

  
 

 
It is also easy to show that the simplified 

form of the stress terms are18: 
 

(12a)  rr xx rr rx1 We We      
 

 

(12b)

  rr xx rx

rr xx

1 We

We
We 1

2 2

     

      
 



 
 

 
(12c)    rr xx xx rx1 We We 2      

 
where We = λc/a0 is the Weissenberg 
number and   is the shear rate defined by18: 

(13)(r k) (1 ) (r k) .
rr

         
  

 
The ratio of Eqs. 12a and 12c leads to 

the relation between the normal stresses: 
 

(14)rr

xx 2

 
 

  
 

 
By dividing Eq. 12b by Eq. 12c and 

substituting τrr from Eq. 14, the following 
equation is obtained for τxx : 

 
 

(15)
  2 2

rx
xx

1 1 4 2 We
`

2 We

     
 


 

 
where we have discarded the other root so 
that τxx remains finite when ξ approaches 
zero. The shear rate   can be obtained as a 
function of shear stress by substituting τxx 
from Eq. 15 into Eq. 12c: 

 

(16)

  
 

  

2 2
rx

2
rx

2 2
rx

1 1 4 2 We

2 2 We

(1 )
1 1 1 4 2 We

(2 )

     
  

  

  
      
   



 

 

when ξ approaches to zero, the constitutive 
Eq. 5 reduces to simplified PTT fluid. For 
such a case, the stress components are 
represented by: 

 
(17a)2

xx rx rr2We , 0    

(17b) 2 2
rx rx1 2 We       

 
Having obtained the velocity 

components, we can obtain dp/dx from Eq. 
10b for one wavelength. Similarly, we can 
obtain the flow rate as, 

 
(18)Q q 2   

 
where Q and q  are the flow rate in the 
original and wave-frame coordinate systems, 
respectively.  

 
NUMERICAL METHOD OF SOLUTION  

By eliminating the pressure between Eq. 
10a and Eq. 10b, the equation of motion is 
obtained as18: 

 

(19a)

 

 

2
rx rx
2

2 2

2

r k

3 rr

Ha 1
1 0

3 r k r k rr
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 


              

 

 
Substituting Eq.13 into Eq. 16, we will 

then end up with39: 
 

(19b)

  
 

  

2 2
2 rx

2 2
rx
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rx
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                

  
       

  
 

Equations 19a,b cannot be reduced into a 
single ODE because stress terms in the PTT 
model are implicitly related to the velocity 
field, rather than explicitly. Indeed, these 
two equations form a nonlinear system of 
ODEs that should be solved simultaneously 
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subject to the following boundary 
conditions18: 

 

(20a)
Outer

q
at r(x) 1 sin(x) : 1,

r 2


     


 

(20b)
Inner

q
at r(x) 1 sin(x) : 1,

r 2


      


 

 
By eliminating the stream function 

between Eq. 19a and Eq. 19b, the 
differential equation for the shear stress, τrx, 
is obtained as18: 

 

(21)

    
  

   

2
2 2rx rx

rx2

2 2 2
rx

2
rx

r k
1 1 4 2 We

3 rr

(1 )
M 1 1 1 4 2 We

(2 )

6 2 We r k

   
      


  
        

   

 

 
We have relied on the Finite Difference 

Method (FDM) for solving this system of 
equations using a shooting scheme. That is: 
first, we guess the shear stress at inner and 
outer walls of the channel starting from 
Newtonian values. From Eq. 21 we then 
obtain the distribution of the shear stress, τrx, 
across the channel for the first iteration. 
Having obtained τrx, we can then proceed 
with calculating the stream function   from 
Eqs. 19a,b for any given set of Ha, We,  , 
and ξ using the two known boundary 
conditions from Eq. 20b. The accuracy of 
the initial guess is checked by calculating 
the two left boundary conditions and 
comparing them with those in Eq. 20a. This 
procedure is repeated until the two left 
boundary conditions are satisfied within a 
tolerance of 10-6.  

It is worth-mentioning that in our FDM 
formulations, all derivatives are calculated 
using the second-order central differencing 
scheme. 
 
RESULTS AND DISCUSSIONS 

Having verified the code using 
Newtonian results in straight channels, the 
code was used to investigate the effect of 

different parameters on flow characteristics. 
We are going to present typical results 
only18. To that end, we fix the amplitude 
ratio at 0.4   and slip factor at 0.01  .  

Figures 2 and 3 show the effect of 
Weissenberg number and also the 
extensional parameter on the azimuthal 
velocity profile at x 2   location for 
Q 1, k 3, and Ha 0.    As can be seen in 
these figures, by an increase in the 
Weissenberg number and/or the extensional 
parameter, the velocity is decreased near the 
channel centreline while it is slightly 
increased near the channel walls. This is not 
surprising realizing the fact that viscoelastic 
fluids are generally strain-hardening. That is 
to say that, their extensional viscosity 
increases by an increase in the extension 
rate. The rate of extension is obviously 
largest at the channel’s centreline, and so a 
drop in velocity at the centreline is as 
expected. On the other hand, an increase in 
the velocity near the wall can be attributed 
to the shear-thinning behaviour of PTT 
fluids. The shear-thinning is more 
significant near the wall region (i.e., where 
the shear rate is the largest) and this can 
more than counterbalance the retarding 
effect of the extensional viscosity of the 
fluid which is quite small near the wall. 

u(r)

r

-1 -0.95 -0.9 -0.85 -0.8 -0.75
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

We = 0
We = 5

Figure 2. Effect of Weissenberg number on the 
azimuthal velocity profile obtained 

at 0.1, and 0.01    . 
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 = 0
 = 0.4

Figure 3. Effect of the extensional parameter on 
the azimuthal velocity obtained at 

(We 1, 0.01)    
 

Knowing the velocity and stress fields, 
one can proceed with calculating the 
pressure gradient term, dp dx , from Eq. 
10b. Figures 4 and 5 show the effect of 
Weissenberg number and the extensional 
parameter on the pressure gradient along the 
channel centerline for one wavelength 
obtained at Q 0,k 5, and Ha 0.    The 
elastic behaviour of the fluid is seen to 
reduce the magnitude of the pressure 
gradient along the channel, and this is 
particularly so at x 3 2   (i.e., at location 
the channel height is minimum).  

To interpret the numerical results shown 
in Figs. 4 and 5, it should be noted that the 
pressure gradient as generated by the 
peristaltic motion of the walls is closely 
related to the shear stress and azimuthal 
normal stress which are both controlled by 
fluid’s elasticity (see Eq. 9c). Obviously, at 
the minimum area of the channel fluid 
elements are subjected to the largest 
deformation rates. This means that the 
extensional viscosity of the fluid is 
maximum at this location with a subsequent 
resisting effect on the flow effectively 
reducing the pressure gradient at this 
location (see Figs. 4 and 5).  

x

dp
/d

x

0 1 2 3 4 5 6

0

1

2

3

4

5

6

We = 0
We = 1
We = 4

Figure 4. Effect of Weissenberg number on 
the peristaltic pressure gradient 

( 0.1, 0.01)   

x

dp
/d

x

0 1 2 3 4 5 6

0

1

2

3

4

5

 = 0
 = 0.05
 = 0.1

Figure 5. Effect of extensional parameter on 
the peristaltic pressure gradient 

(We 1, 0.01)    
 

 
Knowing the azimuthal pressure 

gradient, we can proceed with calculating 
the p Q   profile. Figures 6 and 7 show the 
effect of the Weissenberg number and 
extensional parameter on the velocity profile 
obtained at k 5, and Ha 0.   Obviously, for 
the peristaltic motion of the walls to act as a 
pump, we should have p 0.   As can be 
seen in Figs. 6 and 7, this is true only over a 
limited range of flow rates. And, over this 
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range of flow rates, the elastic behaviour of 
a fluid is predicted to decrease the pressure 
rise of peristaltic pumps. 

Q

p

0 0.2 0.4 0.6 0.8 1

-8

-6

-4
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0
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6 We = 0
We = 1
We = 4

Figure 6. Effect of the Weissenberg number on 
the pressure rise of the pump 

( 0.1, 0.01)     

x

p

0 0.2 0.4 0.6 0.8 1

-8

-6

-4

-2

0

2

4

6

 = 0
 = 0.1
 = 0.2

Figure 7. Effect of the extensional parameter on 
the pressure rise of the pump 

(We 1, 0.01)    
 
The above results show that fluid 

properties play a key role in affecting 
peristaltic pumping of viscoelastic fluids. 
Unfortunately, one cannot manipulate the 
rheological properties of the working fluid 
in order to passively control the 
performance of peristaltic pumps. In cases 
when fluid properties cannot be tempered 
with, one might rely on applying an external 
magnetic field as an active means for this 

purpose. Figure 8 shows the suitability of 
this method in controlling the performance 
of peristaltic pumps obtained at 
We 1, 0.1, 0.01     . 

x
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-12
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Figure 8. Effect of magnetic field on the 
pressure rise of peristaltic pump 

(We 1, 0.1, 0.01)      

 
CONCLUDING REMARKS 

Based on the results obtained in the 
present work, one can conclude that in 
peristaltic flows of viscoelastic fluids, the 
elastic behaviour of the fluid can 
dramatically affect flow kinematics and 
dynamics even under creeping-flow 
conditions. Results show that at a given flow 
rate, the elastic behavior of the fluid (as 
represented by the Weissenberg number) 
causes a decrease in the pressure rise of the 
pump. The effect of the extensional 
parameter is shown to be qualitatively 
similar to the effect of the Weissenberg 
number. An externally-imposed magnetic 
field is found to be a powerful tool for 
controlling the pumping effect of the 
geometry provided that the flow rate is less 
than a critical value.   
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