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ABSTRACT 
The viscosity of particle suspensions 

depend on the volume fraction of particles. 
This was demonstrated by Einstein1,2 for 
dilute suspensions and later extended to less 
dilute systems by Batchelor3 and Batchelor 
and Green4. Krieger and Dougherty5 
followed a different approach to analyse 
concentrated suspensions. They combined 
the result of Einstein with a self-consistent 
field approach and obtained a very useful 
expression for the viscosity as a function of 
the solvent viscosity (ηs) and the volume 
fraction of particles (φ) as well as a 
maximum packing parameter (φm). The 
maximum packing parameter φm, though 
physically sound, was introduced in a very 
heuristic way. 

In recent work by Hansen and Szabo6,7 a 
model was developed for the viscosity of 
particle suspensions which takes into 
account finite size effects. Data reported by 
de Kruiff et al.8 were compared to 
predictions by the new model as well as to 
other models from the literature (e.g. 
Krieger and Dougherty5). We found that the 
inclusion of finite size effects improved the 
model prediction of the viscosity.  

The idea of a discrete spectrum of 
particles was also presented in Hansen and 
Szabo6,7. Here we shall explore the model 
consequences as the particles in suspension 
are no longer identical. 

INTRODUCTION 
The viscosity of particle suspensions 

depends on the volume fraction of 
suspended particles. Based on viscous 
dissipation by the flow around a single 
isolated non-deformable sphere, Einstein1,2 
calculated the change in viscosity η to first 
order in the volume fraction φ.  

 
η=ηs(1+[η]φ)                                           (1)
 
Here, ηs is the solvent viscosity and the 
intrinsic viscosity [η]=5/2. In general the 
intrinsic viscosity is defined by Eq. 1 in the 
limit φ→0 and depends on the geometry and 
deformability of the suspended particles.   
 
BASIC DISCRETE  MODEL WITH  
FINITE SIZE EFFECTS 

We consider here a volume composed of 
solvent and identical particles so that the 
total volume equals the sum of solvent and 
particle volumes Vs  and nVp respectively. 
Here, Vp denotes the volume of a single 
particle and n is the number of such 
particles.  

The volume fraction of particles is then 
calculated from 

 
φn=nVp/(Vs+nVp)                                    (2)
 
We may now assume that the solvent 
including n particles can be considered a 
continuum fluid and apply the Einstein 
expression for the viscosity of dilute 
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suspensions when adding particle number 
n+1. We obtain, 
 
ηn+1=ηn+ηn[η]Δφn

*                                    (3)
 
where Δφn

* is the single particle volume 
fraction increment 
 
Δφn

*=Vp/(Vs+(n+1)Vp)                            (4)
 
As argued in Hansen and Szabo6,7 it is 
reasonable to introduce a maximum packing 
fraction φm. This way divergence in the 
viscosity is ensured as φ→φm. We choose 
the simple form suggested by Krieger and 
Dougherty5 so that the change in viscosity 
becomes: 
 
ηn+1=ηn+ηn[η]Δφn

* /(1-φn/φm)                  (5)
 
This expression for the viscosity increment 
was demonstrated7 to compare well with 
data from de Kruiff  et al.8 in the continuous 
limit as Vp → 0 while the total volume of 
particles nVp is kept constant. 
 
POLYDISPERSITY OR MORE THAN A 
SINGLE  PARTICLE SIZE 
       The model approach described above 
was quite successful in describing the 
viscosity of a monisperse suspension with a 
single partcle size. It is possible, however, to 
describe a suspension that contains more 
than one characteristic particle size. We may 
begin the analysis by defining an ensemble 
of particles identified by a type identifier 
j=1, 2 ... M with corresponding particle 
volumes Vpj and numbers nj. Then we can 
calculate the total number of particles 
 
N=∑j nj                                                    (6)
 
and a total paticle volume 
 
Vp=∑j njVpj                                              (7)
 
From here we continue by defining the total 
volume fraction of particles  
 

φ=∑j  φj =∑j Vpj/(Vs+Vp)                         (8)
 
If we assume that different particle sizes 
require different maximum packing fractions 
we may then derive expressions similar to 
equations (2)-(5). 
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